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Abstract 

We establish new estimates on short character sums for arbitrary composite 
moduli with small prime factors. Our main result improves on the Graham- 
Ringrose bound for square free moduli and also on the result due to Gallagher 
and Iwaniec when the core q' = Yl P \ q P °f the modulus q satisfies log q' ~ log q. 
Some applications to zero free regions of Dirichlet L-functions and the Polya 
and Vinogradov inequalities are indicated. 

Introduction. 

In this paper we will discuss short character sums for moduli with small prime 
factors. In particular, we will revisit the arguments of Graham-Ringrose and 
Postnikov. Our main result is an estimate valid for general moduli, which 
improves on the known estimates in certain situations. It is well known that 
non-trivial estimates on short character sums are important to many number 
theoretical issues. In particular, they are relevant in establishing density free 
regions for the corresponding Dirichlet L-functions. More specifically, we 
have the following results. 

Let x be a primitive multiplicative character with modulus q, and let p = 
largest prime divisor various of q, q' = Y[ P \ q P an d K = j^r- Let / be an 
interval of size |/| — N. We will denote various constants by C. 
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Theorem A. Assume q > N > p c and 

logiV > (log g )ro + Clog 2K - l °f q ' - (1) 

log log q' 

Then 

|5>(*)| <Ne~^ W . (2) 
xei 



Note that assumption (1) of Theorem A is implied by the stronger and 
friendlier assumption 



logiV>c(logp+ r 1 ^-). (3) 
V log log qJ 



Assumption (3) is weaker than Graham- Ringrose's condition logiV 3> \ogp + 
^\og\ogq ■ Also, condition (1) is weaker than Postnikov-Gallagher-Iwaniec's 
assumption logiV ^> logg' + (logg)s +e in certain cases, namely when logg' 
becomes comparable with log q. 

Corollary B. Let M = (logg)ra + (\ og 2K)^^ + logp. Then 

n<x 

If q is square free, then the bound in Corollary B is y/q ( log qj (log log q) 5 + 
VIoggVlog P)- This gives an improvement on Goldmakher's result. (See [G], 
Theorem 1.) 

Theorem C. Let 

a = ■ ( 1 log log*?' 1 \ 

Cmm vlogp' (logg') log 2X' (loggT) 9 / 10 /" 

JTien £/ie Dirichlet L-function L(s, x) = S n x( n ) n_s ? s = p + it has no zeros 
in p > 1 — 9, \t\ < T except for Siegel zeros. 

In certain ranges, this improves upon Iwaniec's condition [I] 



Notation and Convention. 



1. 



e(0) 



e p {9) = e(f ). 



2. u(q) = the number of prime divisors of q. 

3. r(q) = the number of divisors of q. 
4- q' = n P, the core of q. 

5. When there is no ambiguity, p e = [p £ ] G Z. 

6. Modulus p (or q) is always sufficiently large. 

7. For polynomials f(x) and g(x), the degree of is deg /(x) + degg(x). 

8. c, C = various constants. 

1 Mixed character sums. 

The following theorem is from [CI] for prime modulus. 

Theorem 1. Let P(x) G W[X] be an arbitrary polynomial of degree d > 1, p 
a sufficiently large prime, I C [l,p] an interval of size 



(for some k > 0) and x a nontrivial multiplicative character (mod p) . Then 



In the proof of Theorem 1, the assumption p being prime is only used 
in order to apply Weil's bound on complete exponential sums. (For Weil's 
bound, see Theorem 11.23 in [IK]) 

Let / G Z[i] be a polynomial of degree d and let x be a multiplicative 
character (mod q) and of order r > 1. 

Weil's Theorem. Let q = p be prime. Suppose /(mod p) is not a r-th 
power. Then we have 



I\ > p* 



(1.1) 




(1.2) 



p 



5>(/0«0) < d Vp- 



x=l 
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For q = p 1 ■ ■ -p k square free, since | Y*L=i x(f(x))\ < IlLi I Eti Xi(f{x))\, 
where x% is a multiplicative character (mod pi), we have the following version 
of Weil's estimate. 

Weil's Theorem'. Let q be square free and let qi\q be such that for any 
prime p\qi, /(mod p) has a simple root or a simple pole. Then 



£*(/(*)) 



x=l 



< d" {ql) — 



Therefore, we have the following. 

Theorem 1'. Let P(x) G M[X] be an arbitrary polynomial of degree d > 1, 
q G Z square free and sufficiently large, I C [1, q] an interval of size 

\I\ > q^ +K (1.3) 
(for some k > 0) and x a nontrivial multiplicative character (mod q) . Then 



X{n)e 



iP(n) 



< \I\ q" CK d r(q) 



u(io S d)d- 



;i-4) 



2 Postnikov's Theorem. 



An immediate application is obtained by combining Theorem [TJ with Post- 
nikov's method (See [P], [Ga], [I], and [IK] §12.6). 

Postnikov's Theorem. Let x be a primitive multiplicative character (mod q), 
q = q™- Then 

X(l + qou) = e q (F(q u)). 
Here F(x) G %[X] is a polynomial of the form 

F{x) = Bd(x-^- + ---± X —) (2.1) 
V 2 m J 
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with 



and Bel,, (B, q ) = 1 



D = J | k, m! = 2m 



k<m' 
(fc,3o)=l 



Remark. In [IK] the above theorem was proved for x(l + q'u) = e q (F(q'u)), 
where q 1 = Yl p \qP * s the core °f 1- That argument works verbatim for our 
case. 

Theorem 2. Let q = q™q\ with (qo,qi) = 1 and q\ square free. 
Assume I C [l,q] an interval of size 



\i\ > qoQi ■ 

Let x be a multiplicative character (mod q) of the form 

X = XoXi 

with Xo( m °d q^ 1 ) arbitrary and Xi(mod q\) primitive. Then 



(2.2) 



« \I\qT CK2m ~ 2 r(qi)' 



c(log n~i)m~ 



(2-3) 



Proof. For a G [1,<7o]j { a i Qo) — 1 fixed, using Postnikov's Theorem, we write 
Xo(a + q x) = Xo(a)xo(l + Qoax) = Xo(a)e q ™(F(q ax)) , (2.4) 

where 



Hence 



aa = 1 (mod g™). 



J^x(n) < 5^ | e q^{ F ( ( lo ax ))xi(a + Qox) 

n£l (a,go) = l a+qox£l 



(2.5) 



Writing Xi( a + ^o^) = Xi(?o)Xi( a 9o + <?o<?o = l(mod q±), the inner sum in 
(12 .5p is a sum over an interval J = J a of size ~ j^j- and TheoremHf applies. □ 
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3 Graham- Ringrose Theorem. 



As a warm up, in this section we will reproduce Graham-Ringrose's argument. 
With some careful counting of the bad set, we are able to improve their 
condition on the size of the interval from g 1//v/loglog9 to q c / l °s lo %i. 

Theorem 3. Let q G Z be square free, \ a 'primitive multiplicative character 
(mod q), and N < q. Assume 

1. For all p\q, p < Nto . 

2. log AT > Cr^P-. 

° log log q 

Then 

N 



x=l 



< iv e - v1 ° gW 



We will prove the following stronger and more technically stated theorem. 

Theorem 3' Assume q = q\ . . . q r with qj) = 1 for i ^ j , and q r square 
free. Factor 

X = Xl ■ ■ ■ Xr, 

where x«(mod qi) is arbitrary for i < r, and primitive for i = r. We further 
assume 

(i) . For allp\q r ,p > y/log q. 

(ii) . For all i, qi < N$. 
(hi), r < clog log q. 

Then 

N 



< Ne 



-%/log q r 



x=l 



Remark 3.1. To see that Theorem [3} implies Theorem [3j we write 



q = p 1 ---p e -p 1 -p 2 
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where 

pi, . . . , pi < \f\ogq, and p x > p 2 > ■ ■ ■ > y/hgq. 

Hence 

i 

Y[pi < e^ 1 ^ < qTo . (3.1) 
t=i 

Let q r = Yli=iPi sucn that ^ * s the maximum subject to the condition 
that q r < N~3 

Therefore, piq r > Na. By (1), q r > N^~^ > AX 

We repeat this process on 

Q_ 

Qr 

to get q r -i such that A" 3 > g r _i > A"s. Then, we repeat it on — - — etc. 
After re-indexing, we have 

q r ,q r -x, . . . ,q 2 > N*. 
Hence q > (N^Y , which together with (2) give (iii). □ 

Under the assumption of Theorem [3j , we give the following 

Definition. For q\q r satisfying q > y/q^, and / G Z[se] of degree d, the pair 
(/, q) is called admissible if 

IT p > — , where r = - — , 

i _ Qr log log q r 

f mod p satisfies (*) 

and (*) means 

(*) (The polynomial) has a simple root or a simple pole. 
Remark 3.2. If (/, q) is admissible, x primitive mod q and 



, j 1 1°S 1°S 1r /Q n , 

\ogd<- = (3.2) 

6 r 10 K ' 



then 

q 



*(f( X )) < (l) W (lr 0T . 



x=l 
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Proof of Remark 3.2. We say p is good, if / mod p satisfies (*). For p\q\q r , 
assumption (i) implies that p > i/log q. In particular, (13 .2\j implies 

p 1/5 > (log q) 1/10 > d. (3.3) 

Weil's estimate gives 

5 



£*(/(*)) 



x=l 



1_ 



(3.4) 



where gi is the product of the good primes p. Using H3. 31) . we bound the 
character sum above by 

«n4<«n^ /io =«ft 3/10 ' 

P\Q1 P\H 



Since (/, g) is admissible, we have 



!>(/(*)) 

2 = 1 



< 99i 10 < (<?) 10 9 



7 A r 
— 10 T 



□ 



Proof of Theorem 3'. Take M = [s/N ]. Shifting the interval [1, A/] by yqi 
for any 1 < y < M, we get 



^2x(x) -£xO + 2/9i) 



< 2y Ql < M Ql . 



2=1 2=1 

Averaging over the shifts gives 

^ N N M 



2=1 



Let 



2 = 1 J/=l 



Xl = X2 • • "Xr- 



AT 



(3.5) 



Using the gi-periodicity of Xi and Cauchy-Schwarz on the double sum in 
(13.51) . we have 



I w m 



2/91, 



< 



2=1 y=l 



M N 



/If 2 ^1 



A r M 2 



2/, y'=l x=1 
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1/2 



. (3.6) 



For given (y,y r ), we consider 

fy,y' \ x ) 



x + qiy 
x + q x y' 



and distinguish among the pairs (f y>y >, q r ) by whether or not they are admis- 
sible. Note that if {f y , y >, q r ) is not admissible, then the product of bad prime 
factors of q r is at least q T r . We will estimate the size of the set of bad (y,y') 
and use trivial bound for the inner sum in ( 13. 6ft . 

\{(y,y') G [1,M] 2 : (f y , y >,q r ) is not admissible j 



<E \{(y,y')£[l,Mf:Q\y-y'} 

Q\q r 
Q>ql 

< y Ml < 2 w (*-)— < mV 5 ™ 



(3.7) 



M 2 g r 10 ' 



(For the second inequality, we note that M > Q.) 
Hence f 13 . 6 j) is bounded by 

- 1 " 



^ T +|^Ex'i(/i(*)) 



(3.8) 



where /i is the / w y with the maximal character sum among all admissible 
pairs, i.e. 



N 



£xi(/iC«0)| 



x=l 



max 

(f y y i,q r ) admissible 



N 



^lXi(fy,y'(x)) 



x=l 



(3.9) 



Thus, there exists q±\q r , qi > ql T and for any p\q±, j\ mod p has property 



We will use induction to bound the second term in (13. 8p . After s steps, 
we reduce the problem to bounding the character sum 



1 I - 

-fi \2lx' s (fs(x)) 



(3.10) 



x=l 



where x' s = Xs+i ■•■Xn/«e Z[x] with deg/ s = 2 s . Since (/„ is admis- 
sible, there is g s |g r such that g s > g,!~ sr and Vp|g s is good. 

As before, the g s+ i-periodicity of Xs+i and Cauchy-Schwarz give a bound 
on ([3TT0]) by 



M N 



NM 2 



y t y' = l x=l 



Set 



/s+iO) 



/ a (a; + g a +iy) 
/ s (x + g s+ iy') 

f s (x + q s+ iy) 



-.1/2 



(3.11) 



/ s (x + g s+ iy') ' 

where (y, y') is chosen as in (I3.9p . such that the inner character sum in ( 13. lip 
is the maximum. 

We want to bound the set of bad (y, y'). For p\q s , 

f s (x) — (x — a) ±x Y\( x ~ ^i) Cj ' where a ^ bj. mod p 



Hence 



fs+i(x) 



x + q s+x y - a 



±i 

n 



x + q s+1 y - bj 
x + q s+ iy' - bj 



x + q s+1 y' - a / 

j 

For y 7^ y' mod p, if a — q s +iy is not a simple root or pole, then 

a - q s+1 y = bj - q s +iy', mod p 
for some j. Therefore, 

{(z/,2/0 e [1,M] 2 : (f y ,y',q s ) is not admissible } 
^ \{(yiV') e [1,M] 2 :\/p\QJ yty , mod p satisfies (*)} 

<"«) /wr2 [ 2 ) 



Q\qs 
Q>q T r 



<- E f <*> 



Q><?? 



<2>g? 



Q 



(3.12) 
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By assumptions (i) and (iii 



Q 



and (I3.12p is bounded by 



< 



TT — TT — 1 



< q 



r > 



M 2 — < M 2 q~ T/5 . 



q 



r/2 



(3.13) 



At the last step, we are bounding 



A? 



(3.14) 



where / r _i e Z[x] with deg/ r _i = 2 r ~ 1 and there is q r -i\q r such that g r _i > 
gr ^ 1 > yfq and Vp|g r _i is good. In particular, (/ r _i,g r _i) is admissible 
and Remark 3.2 applies. (Recall that q r < iV 1//3 .) Hence, we have 



N 



J2^(fr-i{x)) <Nq r _ 1 *<Nq 



i 

r 8 ) 



x=l 

and we reach the final bound 

N 



N 



x=l 



< Ur /B 



l/2 r 



+ [q 



-1/8 



l/2 r 



<" „ loglogijr 2 cl °g 1 °g'?r 

^ qr 

log gr 



g log log 9r(log qr) c 



< e 



-%/log <?r 



□ 



The proof of Theorem 3' also gives an argument for the following theorem. 

Theorem 3" Assume q = q% . . . q r with (qi, qj) = 1 for i ^ j , and q r square 
free. Factor x — Xi---Xr, where Xi( m od qi) is arbitrary for i < r, and 
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primitive for i = r. 
We further assume 

(i) . For allp\q r ,p > y/\ogq. 

(ii) . For all i, q { < iV 1 / 3 . 

(iii) . r < clog log q. 



Let 



f(x) = l[(x-b j ) c >, Cl = ±l, d = degf = Y, 



J 3V 



Suppose that (f,q r ) is admissible (as defined after the statement of Theorem 
3'). Furthermore, assume 



(iv). d = degf < (\ogq r ) s . 



Then 



N 



x=l 



Remark 3.3. To modify the proof of Theorem [3j, one only needs to multiply 
Ml by tfW) in ([32]) and replaced 2 s (respectively, 2 r ) by 2 s ~ l d (resp. 2 r ~ 1 d) 

in (I3.12p (resp. (13.13P ). Assumptions (i) and (iii) imply 2 r < p 1 / 4 , while 
assumptions (i) and (iv) imply d < p 1 ^. 



4 Graham- Ringrose for mixed character sums. 

The technique used to prove Theorem [U may be combined with the method 
of Graham- Ringrose for Theorem O to bound short mixed character sums 
with highly composite modulus (see also |IK] p. 330-334). 

Let q = qi . . . q r with (g i; qj) = 1 for i ^ j, and q r square free, such that 
(i) and (iii) of Theorem |3I hold . 

Let 

X = Xl ■ ■ -Xr, 

where X;( m od is arbitrary for i < r, and primitive for i = r. 

Let I C [1, q] be an interval of size N < q, and let f(x) = ctdX d + - ■ - + a G 
M[x] be an arbitrary polynomial of degree d. 
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Assuming (ii) of Theorem [31 and an appropriate assumption on d, we 
establish a bound on 

$>(aOe i/(fl °. (4-1) 

The case / = corresponds to Theorem [3j. The main idea to bound 
(14.11) is as follows. First, we repeat part of the proof of Theorem [T] in order 
to remove the factor e 1 -^ at the cost of obtaining a character sum with 
polynomial argument. Next, we invoke Theorem [3]' to estimate these sums. 

Write q = qiQi with Qi — q 2 . . . q r , and denote = Xi • • • Xr- 

Choose MgZ such that 

M ■ maxg, < N, and M < VN. (4.2) 

Using shifted product method as in (3.5), we have 

E X(x)e if{x) = ^7 + Qiy)e ifix+91V) + OfaM), (4.3) 



M 

X&I x£l 

0<y<M 



M 



lf\ E X(x + q iy )e lf{x+qiy) = E Xi(*)3>i(* + W/V 

Xdzl 

0<y<M 

^El E yi{*+M) 



fix+qiy) 



Ml 

x£l x£l 
0<y<M 0<y<M 



e if(x+qiy) 



x£l 0<y<M 



(4.4) 

Next, we write 

fix + q lV ) = f (x) + h{x)y + ■■■ + f d {x)y d . 

Fix 6 = 6{q) > and subdivide T d+1 in cells U a = B(( a , jfa) C T d+1 . 
Denote 

Q a = {x e I : (fo(x), • • • , fd(x)) e U a mod 1}. 
Hence, for x G Q a 

f(x + q iy ) = e Q)0 + UiV + ■■■ + UdV d + 0(9) 

e if{x+q!y) _ e i{£ a ,o+-+£ a ,dy d ) _|_ 0(6') (4.5) 



13 



The number of cells is 



M d \ d + l 



(4.6) 



Substituting (14.51) in (I4.4p gives 



(4.7) 



^E| E y& + <nyy fix+qiy) 

xEl 0<y<M 

= ^EE| E C a (y)y 1 (x + q 1 y)\+0(9N) 

a x£fl a 0<y<M 

where |C a (?/)| = 1. 

Next, applying Holder to the triple sum in (14. 7p with k G Z + , we have 

EE | E c a (y)yi(*+Qw)\ < n 1 ^ E c My^+Qiy) 

a x£fl a 0<y<M a x£l 0<y<M 

Therefore, up to an error of 0(9N), ( 14. 71) is bounded by 



N 



1 




_NM 2k 





o<yi,-V2k<M x&i 



(x + qxyx) ■ ■ ■ (x + qiVk) 
1 V (x + qiyk+i) ■■■(x + qmk) 



N 



where 



d+l 



NM 2k 



E lE^K.-^w) 



0<yi,-,y2k<M xal 



(4.8) 



(x + g x yi) • • • (x + qty k ) 



[x + qiVk+i) •••(£ + gi?/2fc) 
To bound the double sum in (14. 8p . we apply Theorem [3]' with /(x) 



R y y 2k (x) for those tuplets (yi, . . . ,y 2 k) G {0,...,M — 1} for which 
(R y y 2k ,q r ) is admissible. For the other tuplets, we use the trivial bound. 
If (i? yi,—,V2k' 9r) is not admissible, then there is a divisor Q|g r , Q > ql, such 
that for each p\Q, the set {7r p (?/i), ■ • • , 7i p (y2k)} has at most k elements. Here 
TT p is the natural projection from Z to Z/pZ. We distinguish the tuplets 
(?/i,..., y 2 fc) in the following contributions. 
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(a). Suppose that there is p\Q with p > yM . 

Then the number of p-bad tuplets (yi, . . . , y2k) is bounded by 



(^) M k k k (l + j) k <(4k) k Ml k , 



and summing over the prime divisors of q r gives 

u{q r ){4k) k M 3 2 k < Mi k , (4.9) 

provided 

k < Ms, (4.10) 

and 

logg r <M. (4.11) 



(b). Suppose Q > M and p < V M for each p\Q. 

Take Qi\Q such that \[M < Q 1 < M. The number of tuplets (y 1; . . . , y 2 fc) 
that are p-bad for each is at most 



p|Qi 



provided 

k < minps. (4.12) 

Summing over all Q\ as above gives the contribution 

Mi t+1 < M^ k . (4.13) 

(c). Suppose ql < Q < M . 

The number of tuplets (y±, . . . , y 2 k) that are p-bad for all p\Q is at most 
M 2k /Qz and summation over these Q gives the contribution 

,,„ . M 2k M 2k 
2 . {qr) < _____ (414) 

Qi q r 
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Hence, in summary, the number of (yi, . . . , y 2 k) for which (R yu ...,y 2k , q r ) is 
not admissible is at most 



M 2k (M ~ +q r 



rkTs 



From OOD-dOD and (ED-tSSD we obtain the estimate 



xei ^ ' 



I s d+1 
« \ 2k 



M—*+q r lKT + e 



using Theorem [3]' for the contribution of good tuplets (yi, . . . , y 2 k)- Here we 
need to assume 

2k < (logg r ) 5 , (4.15) 
which also implies (I4.10p and (14.12[) . under assumption (i) and if (14. lip holds. 
Take 6 = k = 50<i 2 , assuming 



d < ^)( lo S^) 



(which implies ( 14.1 5ft .) then 

X{x)e lf{x) < NM (J ^ (m~& + e" 



2fc 



/'M (d+1)2 \ ioiw 7 



(4.16) 



Choose 



M 



exp 



2{d + iy 



(So (14. lip is also satisfied.) We have 



X(x)e i/(:c) < Ne~^^. 



Thus we proved 
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Theorem 4. Assume q = q\ . . . q r with (qi, qj) = 1 for i ^ j , and q r square 
free. Factor x — Xi---Xr, where Xi( m od qi) is arbitrary fori < r, and 
primitive for i = r. 

We further assume 

(i) . For allp\q r ,p > y/log q. 

(ii) . For all i, q { < iV 1 / 3 . 

(iii) . r < c log log q. 

Let f(x) G M[x] be an arbitrary polynomial of degree d. Assume 



where I is an interval of size N . 

Combined with Postnikov (as in the proof of Theorem [2]), Theorem H] then 



Theorem 4' Suppose q = q . . . q r with (q iy qj) = 1 for i ^ j , and q r square 
free. Assume qo\qo and qo\(qo) m for some m G Z +; and 



Factor X = Xo ■ ■ ■ Xr, where Xi(mod qi) is arbitrary for i < r, and primitive 
for i = r. 

We further assume 




Then 




(4.17) 



implies 




(i) . For allp\q r ,p > -y/log q. 

(ii) . For all i, Qi < (N/qo) 1 ' 

(iii) . r < c log log q. 



1/3 



Then 




(4.18) 
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where I is an interval of size N . 

Note that for Theorem 4' to provide a nontrivial estimate, we should 
assume at least 

r < log log q r 

and 

logm < log log q r . 



5 The main theorem. 



Theorem Hf as a consequence of Theorem 0] was stated mainly for expository 
reason, (cf. Proposition 7.) Our goal is to develop this approach further in 
order to prove the following stronger result. 



Theorem 5. Assume N satisfies 



q > N > maxp 
p\q 



and 



\ogN> (logg^ + Clog (2- 



log q \ log q' 



logq'J log log q 
where C, c > are some constants, and q' = Y1 P- 

Let x be primitive (mod q) and I an interval of size N. Then 



< 



jy e -v / logTV 



(5.1) 



(5.2) 



(5.3) 



We will prove Theorem 5 in the next section. In this section, we will set 
up the proof and discuss the implication of assumption (15. 2p . 



Claim. We may assume the following 
(1.) q' > N^o 

(2.) q = Qq r = Q 1 ... Q r _ x q r , where (Q h Qj) = (Q u q r ) = 1, 

"logQ'" 



1 + 10 



logiV 



(5.4) 
(5.5) 
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and 
with 



Qr = <?o\ Qo square free 



(5.6) 



, (log 



< g < ^ 10 : 



(5.7) 

m<(logA^) 3K , (5.8) 

where k > a sufficiently small constant (e.g. ~ 10~ 3 ). Also, the core of Q s 
satisfies 

Q' s < m for s = l,...,r- 1. 



(3.) There exist g X) • • • , g r _i, (g is qj) = (q h q r ) = 1, 



such that 
with 



q = Qi--- Qr-iqr Iq? 1 ■ ■■ qT-i 1( lr, 

logQs 



m, = 10 



logiV 



(5.9) 

(5.10) 

(5.11) 
(5.12) 



Proof of Claim. 

The validity of Assumption (1) follows from Theorem 12.16 in |IKj . which 
gives a bound 

|2> 



(5.13) 



with r = assuming that q' 100 < N. This gives a nontrivial result 

provided log A" > (logg)i +e . 

To see Assumption (2), we first note that 



H p<q {losN) ~ 3K <e^ N ^' K <q'^o. 



(5.14) 



^p>(log ao 3k 

where u p is the exponent of p in the prime factorization of q. 
From 

(log TV) 3 " 

99 



(log TV) 3 " 

n ( n p ) > ^ 



m=l u v =m 
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there exists m < (logiV) 3K such that 

Y[ p > (q')h( l ^ N r 3K > g^oOogiV) 1 -^ > e (io g JV)l_ 

v p =m 

Therefore, there exists q r satisfies (I5.6p - (l5.8p . 
Write q = Q q r , and 

Q = Y\_Pi i where Vi := u pi and V\ > v 2 > • • ■ ■ 
Let Q' = Y[ u ->iPi anc ^ factor 

Q' = Q ' ... Q> such that Q' < and r = 1 + 10 

[log 

For each s, define Q s = YI p \q' P Up an d Qs — Yi p \Q' P Up as follows 



) fr] + 1, if i/„ > m, 
I 1, otherwise 

Denote 

m s = 10- — . 

log N 

It follows that Q s \(q s ) ms and q s < Q' s Qf~ s < N*, which are fl5U0j) - fl5TTT|) . 
Remark 5.1. Assumption (15. 2p can be reformulated as 

logg xio^ 



log q'N 



) loeN < (\ogN) c . (5.16) 



Remark 5.2. Using (15 .4p . (I5.16P and the inequality of arithmetic and geo- 
metric means, one can show that 



r-1 



\{ rm < (log g ) ™ • (5.17) 



i=i 



Remark 5.3. It is easy to check that ( 15. 2ft and ( 15. 7ft imply 

r < 10~ 3 loglogg . (5.18) 
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Remark 5.4- If logg' < logiV, ( I5.16P becomes 

logiV> (logg) 1 ^, 
which is similar to Theorem 12 in |IKj . 

Remark 5.5. If q — q' (i.e. q is square free), condition ( I5.16P becomes 

- — < clogiV. 

log log q 

This is slightly better than Corollary 12.15 in |IK] and essentially optimal in 
view of the Graham- Ringrose argument. 



6 The proof of Theorem [5 



The proof will use the technique from the previous sections. The following 
lemma is the technical part of the inductive step. 

Lemma 6. Assume 

(a), q = q™q', where q' = q"q r , with qi,q",q r mutually coprime. 
(6). x — XiX'i w ^h Xi( m od g™) an d x'( m °d q')- 

a 

(c). f(x) = Y\( x ~ a a) da i d = \d a \, with a a £ Z distinct and d a E Z\{0}. 

a=l 



(d) . q\q r such that for each p\q, p > y/\og q and f mod p satisfies (*) (i.e. 
has a simple zero or a simple pole) . 

(e) . / an interval of length N, q\ < N < q, 1440 • m 2 d < (logiV)To. 
(/). MeZ, log N + log q < M < Nto , M < q T . 

Then 



^\J2x(m)\<M-^+M^j2x(f^)) 



where f\ (x) is of the form 



n^fc+i f(x + Qitu 



(6.1) 



(6.2) 



a'=l 
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with b a i , d a > G Z ; 2k = 60m 2 and 

di:=J2\ d *' 1^ 60 d m2 - ( 6 - 3 ) 

Furthermore, (fi,q) is admissible. 
Proof. Take t G [1, M). Clearly, 

x(/(* + %)) = Xi (l + /(X + ^= ) + %)) ■ (6-4) 

Hence, as in the proof of Theorem [2J 

m— 1 

+ %)) = XiUXx)) X '{f(x + t gi ))e qT ( ]T Qi{x) q{ *>') , (6.5) 



where 



with 



i=0 



2m 

F(x) = ^(-l) 5 " 1 -^ (up to a factor). (6.7) 
a=i s 

By the same technique as used in the proof of TheoremH] (See (I4.3l) - (l4.8p ). 
after averaging and summing over t G M and x G /, we remove the last factor 
in ( 16. 51) . Thus, our goal is to show that after t = (ti, • • • , t 2 jfc) G [l,M] 2fc is 
chosen for (16.21) such that /i maximizes the character sum in (16. ip among all 
admissible (fi, q), the first term in (16. lft accounts for those t for which f\ is 
not g-admissible. The zeros or poles of fi(x) are of the form 

b a , = a a - t v q x with t v G [1, M). (6.8) 

Here, while applying Holder, we take k G Z + satisfying 

48kd < (logN)^ and k > 30 (6.9) 

To count the set of bad t, we fix p\q. By assumption on fi, we may also 
assume d 1 — 1 and ai 7^ a a (mod p) for any a > 1. Recalling (16. 8p . assume 
that none of the ai — £„gi, 1 < z/ < 2fc, is simple (mod p). This means that 
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for each v there is a pair (ol(v), cr(v)) in {1, . . . , 0} x {1, . . . , 2k} such that 
a(u) 7^ 1, a(u) ^ u and 

at - t v qi = a a{u) - t a ^qx (mod p). (6.10) 

The important point is that <y(v) ^ v for all z/, by assumption on a±. One 
may therefore obtain a subset 5 C {1, . . . , 2k} with l^l = k such that there 
exists Si C S with |5i| = | and 

5i = {i/ e S : (t(i/) ^ Sx} (6.11) 

(The existence of S and S*! satisfying this property is justified in Fact 6.1 
following the proof of this lemma.) 

Specifying the values of t v i for those v' G /C \ Sx, equations (16.101) will 
determine the remaining values, after specification of ct{y) and o{y). An easy 
count shows that 



[{■^pOO : /i( m °dp) does not satisfy (*) } 




(6.12) 



The first factor counts the number of sets S, the second the number of sets 
Si, and the third and the forth the numbers of maps a\s 1 and a\s 1 - 

Applying assumptions (d)-(f) to f)6.12p . we obtain 

|{7T p (t) : / x (modp) does not satisfy (*) }| < (M Ap)^. (6.13) 

If (fx, q) is not admissible, there is some Q\q, Q > q T T > q T such that for 
each p\Q, fx is p-bad. As in the proof of Theorem HJ we distinguish several 
cases. 

(a). There is p\Q with p > M. 

Hence, \{t e [l,M] 2fc : fx is p-bad }| < Aff fc and summing over p gives 
the contribution M§ k log q. 

(a). y/M < maxp < M. 
p\Q 
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Then 



|{f G [l,M} 2k : ft is p-bad }| 
<(— + 1 \Up(t) ■ h is p-bad } 



/ /if \ 2fc „ 

<(y + l) P ^<M 2k 
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< (4M)5 ; 



9 7 

Summing over p gives the contribution (4M)s logg. 



(6). maxp < VM and Q > M. 
p\Q 



Take Q X \Q such that a/M <Q 1 <M. Then 



|{t G [l,M] 2fc : ft is p-bad for each plQ^I 

/ M \ 2k 
-\q~ + !j K^Qi© : /l is £>-bad for each 



s (- + 1 )- n ^<-»(| 



-Ik 



< (4M)s fc . 



(6.14) 



Summing over Q\ gives the contribution (4M)s fc+1 . 

Summing up cases (a)-(b) and recalling assumption (f), we conclude that 

\{t G [1, M] 2k : (/i, g) is not admissible }| 
< M 2k (M-1 +q^) 

Taking <i = m — 1 in (14.81) . by assumption (f), we show that 

(6.15) 



< 0(0) + 



AT 



+ 



, r k (M 



m-1 v m 1 I ^ , 

]v|E*W) 



We obtain (jSJ} by letting = ± in lIPSJ) . □ 

Fact 6.1. Let K, = {1, • • ■ ,2k} and a : /C — >• /C be a junction such that 
cr(z/) 7^ v for all v G K,. Then there exist subsets Si C S C /C witt |<Si| = 



2' 



|5| = and a{y) G" Si /or any v E Si. 
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Proof. Since the subset of elements of K. with more than one pre-image of a 
has size < k, there exist S C K with \S\ — k, and every v 6 S has at most one 
pre-image. Therefore, a~ l makes sense on S. To construct S\ C S, we choose 
Vi for Si inductively, such that £ {u\, . . . , Ui-i, cr(vi), . . . , a(fi-i), cr" 1 ^), 
• • • and cr(^) ^ Si. □ 

Proof of Theorem 5. 

Choose a sequence M x < M 2 < ■ • • < M r _i of M values and iterate (16. ip 
in Lemma 6. 

Since 

J] p<e^, 

p<v/Iogq 

we use trivial bound for small p and we may assume Assumption (d). In 
order to satisfy Assumption (e), we assume 

r 

1440 • 60 r_1 JJ(m?) < (logiV)^, (6.16) 
i=i 

which follows from ( I5.17P and (15.18p . 

By (16. ip and iteration, -^| X^=i xO^)! is bounded by 
i i i 

- -i - -60 2 m^ , - 12-60 2 m 2 m 2 



A*! 12 + M 1 60 M 2 uu 1 + M] 60 M 2 M 3 12 + ■ • • 

+Mf Mf^ ■ • • mZ^^m'T^^ 2 (6 - 17) 



i 



i 



where S is of the form 

1 I - 

S =M , (6.18) 



with Xr primitive modulo q r , and 



x=l 



9{%) = Y[( x ~~ a a) da ,a a ,d a E Z, 
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d = I da \< Q0 r ml...m 2 r , (6.19) 
and (g, q) admissible for some q\q r , q > Jq^. 



Take M s , for s = 1 , • • • , r — 1 such that 

.U, ~ M 1 

(6.20) 

to ensure that each of the r — 1 fist terms in (I6.17P is bounded by jr. 
One checks recursively that 

M s < M 6S_1 - 12Sm i- m -i (6.21) 

and hence (16.171) implies 

i N 1 i 

^1 ExW| < V + ^ rM 5^" <1 . (6-22) 

In order to satisfy the last condition in Assumption (f) of Lemma 6, we 
impose 

10 

M (6.12)- m 2... m 2_ 1 < g r = g loglo g9r _ 



The above holds, if we take 

M = e (lo ^ 9/W , (6.24) 

and assume 

r-l 1 

^ log nii < — log log q r . (6.25) 



i=i 



r-l 

40 

(Clearly, this follows from (15.171) .) 

We will prove the theorem by distinguishing two cases in the next section. 
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7 The two cases. 



To finish the proof of Theorem [51 we need to bound S in ( I6.22p . 
Case 1. m = 1. 

Since (g, q) is admissible and g is square free, S may be bounded by 
Remark 3.2. . 

S < q~ToqT° T < qr', (7.1) 

and by <^M) 

1 N i 1 

J- I ^ — "> / \ I T — L ,6vr-l -, 7-60 r -lm2...m 2 . f 

ivlE^)l<^- + M(5 ' -* "'<m- P' 2 > 

X=l 

The last inequality is by Remark 5.2 and (16. 23 p . 

Now we obtain fl£3} by combining (EMJ), flZ2) and (OBjl . □ 

We state the above proposition for its own interest. 

Proposition 7. Assume q = g™ 1 . . . g^T 1 " 1 g r wift (g^, g?) = 1 /or z 7^ j ; q r 

square free and 

r-l j_ 

JJmj < (logg r ) 75 . (7.3) 
i=i 

Factor \ — Xi ■ ■ ■ Xr, where Xi(mod q™ 1 *) is arbitrary for i < r, and primitive 
for i = r. 

We further assume 

(i) . For allp\q r ,p > ylogg. 

(ii) . For all i, qf < N < q. 
(hi), r < lCT 3 loglogg r . 
Then 

|2>(*)| <iVe-^^ 4/5 , (7.4) 

where I is an interval of size N. 
Case 2. m > 1. 
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In this situation, we follow the analysis in the proof of Lemma 6. (Par- 
ticularly, see f l6.4p - fl6.7p .) To bound S in (16.170 . We will use Postnikov and 
Vinogradov rather than Weil. Recall 



with Xr primitive modulo q r , and 



1 1 N 



n=l 



f(x) = Y\_(x-a a ) da with d =< m r m\ . . . m 



a=l 



Write n G [1, N] as n = x + tq , with 1 < x < q and 1 < t < ^. Then 



go N/q 



m—1 



as in (J62D and ( l63|) . 

x=l t=l j=l 
go N/qo m-1 



(7.5) 



x=l t=l 



i=i 



We assume that f(x) satisfies the following property. 

For each prime divisor p ofq , there is a such that \d a \ — 1 and Ylj3^ a ( a a~ a /?) 
relative prime to p. 



This will provide some information on the coefficients Qj in (16.51) . Assume 
a = 1 in /(a;) and a Q = (which we may). Thus is a simple zero or pole 
of /; replacing / by j (which we may by replacement of x by x), we can 
assume 

f{x) = xg{x) = x Y\ ( x ~ a a) da mod p (7.6) 

a a =£0 

with g(0) defined and non- vanishing (mod p). 
From (16. 6p . (16. 7p . and (17. 6p . we have 



J 



d? 



s( . 9 (W ((I+t)9(x+t) - I9(I)) ] <- (77) 
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Clearly only the terms s < j contribute and Qj has a pole at of order j, 

c '^4 + |! < 7 - 8 > 

with Aj(x), Bj(x) G Z[X] and Bj(x) = x k B j (x), k < j, Bj(0) ^ and hence 

4 (0) ^0 (mod p) (7.9) 

since Bj(x) is a product of monomials of the form x — a a and a a ^ 0(mod p) 
for 1. Thus 

C- = -S^L (7.10) 

x J Bj(x) 

where Pj(x) G 7L\X\ is of degree at most dj, Pj(0) ^ (mod p). It follows 
that 

|{1 < x < p : Qjix) = (modp)}| < dj. (7.11) 

and 

|{1 < x < q : Qj(a;) = (mod g )}| < {dj)^ o) ^-. (7.12) 

Qo 

whenever qo\qo- Taking j — m — 1 and fixing a;, we will apply Vinogradov's 
lemma ( [Gaj . Lemma 4) to bound 

N/qo to— 1 

t=i j=i 

Lemma (Vinogradov). Let f(t) = a\t H h a k t k G R[t], k>2 and P G Z + 

/arge. 

Assume a k rational, a k = f, (a,o) = 1 such that 

2<P<b< P k ~ l (7.13) 

Then 

|^e(/(n)) < C fe(logfc)2 P 1- ^^ (7.14) 

/or an?/ interval I of size P (c, C are constants) . 

Write Q m _i(x) = q a G Z(mod g™°), g |g and (a, q ) = 1. 
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If Qo < t nen t ne coefficient of t m 1 in ( 17. 5p is a m -i 

|, With g, = | > 

Applying (I7.14p with P = q gives 

m— 1 



?m-l(^) „m— 1 



t=l j=l 



^ Qm(\ogm) q m 2 (log m) 



(7.15) 



It remains to estimate the contribution of those 1 < x < go such that Qj{x) 
in Z/g Z for some go > This number is by (I7.12p at most 



V (c/m) w(9 " o) — < 2 w(9o) (rfm) aj(9o) v ^ " < (2dm) ^ 
rr*' % 

_<?o|<?o 



2 log gp 



(7.16) 



since all prime divisors of go are at least (log N) 2 . Note that the degree d of 
f(x) is bounded by (16. 19|) . Applying (15.81) and (I5.17p . we have 



dm < 60 r ( log q r ) fs ( log N) 3k < ( log N) 



15k 



(7.17) 



In particular, ( I7.17P will ensure that (I7.16P is bounded by g^ 4 and hence 



N 



£*(/(*)) 



^ ^Ym(logm) i ^ m 2 (logm) jy 



(7.18) 



This gives a bound on 5 in (1 6 . 2 2 j) . □ 



8 Applications. 

Following Goldmakher's argument [G] (based on work of Granville and Soundarara- 
jan [GS]), and applying Theorem 5 instead of the character sum estimates 
developed by Graham- Ringrose [GR] and Iwaniec [ I ] , we obtain the following 
improvement of the Polya and Vinogradov bound. 

Theorem 8. Let x be a multiplicative character with modulus q, and let 
p be the largest prime divisor of q, q' = Y\ p \ q P and K = i^jjy. Let M = 
(log q) to + (log2ir) I ^| 7 + log p. Then 



n<x 



< y/q Vlog gVM. (8.1) 
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Remark 8.1. If q is square free, then the bound in (18. ip becomes 

(v / ioggv / iogp+ i^F =V 

I V log log q J 

This slightly improves on the corollary to Theorem 1 in Goldmakher's paper 
[G]. 

Repeating the argument in deducing Theorem 4 from Theorem 3, we 
obtain the following mixed character sum estimate from the proof of Theorem 
5. 

Theorem 9. Under the assumptions of Theorem^ 

| X(x)e if( - X) | < Ne-^ 1 ^ (8.2) 

for f(x) G R[X] of degree at most (log iV) c . 

Corollary 10. Assume N satisfies 

q > N > maxp lt)3 
p\i 

and q satisfies 

log q \ log q' 



logiV > (loggT) 1 - + Clog (2p^) -M- . (8.3) 

V loggv log log q 

Then for x non-principal, we have 

\^2x(n)n tt KNe-^ 1 ^ (8.4) 

Following |Ga] and jT], (See in particular, Lemma 11 in PQ), this implies 

Theorem 11. Let x be a non-principal character (mod q), p the largest 
prime divisor of q and q' = Yl p \ q P- 

Let 

= cmin ( J-, l0g '° g \ . n * , ). (8.5) 

Vlogp'(logg')(log2g^) (loggT) 1 -'/ 
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If L(s, x), s = p + it, has a zero for p > 1 — 9, \t\ < T, it has to be unique, 
simple and real. Moreover x is real. 

It follows in particular that 6 ■ log QT — >■ oo, if — > 0. 

As observed by Heath-Brown [HBJ, Theorem 9 implies the following. 

Corollary 12. Assume q satisfies that logp = o(logg) for p\q and has 
no Siegel zero's. If (a,q) = 1, then there is a prime P = a(mod q) with 
P <q f+om, 

Acknowledgement. The author would like to thank the mathematics depart- 
ment of University of California at Berkeley for hospitality. 
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